ABSTRACT This paper investigates the parametric design method to a type of descriptor quasi-linear systems whose coefficient matrices contain system variables and time-varying parameters. Based on the solution to a class of generalized Sylvester matrix equation, the generally parametrized expression of output feedback controller is established; meanwhile, the completely parametric forms of left and right eigenvectors are obtained, giving a group of arbitrary parameters. With the parametric technique, the closed-loop system can be converted into a linear constant one by utilizing a group of canonical matrix pair. Finally, three examples are presented to prove the effectiveness of the proposed approach.
I. INTRODUCTION
Descriptor system is a type of natural representation of physical systems, which can be exploited to describe more performance characteristics of the real-world, and it also has been applied successfully in various fields, such as interconnected large-scale systems [1] , medical robots [2] , bio-economic systems [3] , power systems [4] , and other applications [5] , [6] . In the previous researches, many scholars have proposed various effective approaches to analyze and design descriptor linear systems (see [7] - [12] and the references therein). However, the problems encountered in production and practice are becoming more and more complicated such that descriptor linear models cannot satisfy the control requirements of practical applications. Hence, some scientists turn their research interests to descriptor nonlinear systems and obtain a string of achievements. For example, Xu et al. propose an adaptive robust control to a class of uncertain descriptor nonlinear systems, which aims to deal with both the structured and unstructured uncertainties. Through this method, the uniform boundedness can be ensured, meanwhile, the system will enter an arbitrarily given range in finite time [13] . Qiao et al. investigate the admissible analysis and control to descriptor T-S fuzzy systems. They
The associate editor coordinating the review of this manuscript and approving it for publication was Xudong Zhao. present a sufficient condition for the admissibility without the information of time derivatives of fuzzy membership functions [14] . Li et al . also aim at a class of descriptor T-S fuzzy systems, compared with the results in [14] , Li et al. develop the integral sliding mode control technique based on observer. By using this method, the number of fuzzy rules can be reduced obviously [15] . Sun and Wang consider a class of nonlinear Hamiltonian descriptor systems and its applications. With the state feedback, the equivalent nonlinear Hamiltonian systems can be converted into a strictly dissipative Hamiltonian form and obtain the H ∞ controller [16] . Wu et al. discuss the stabilization problem of nonlinear descriptor systems with delay and give a sufficient condition of existence and uniqueness for the solution to descriptor nonlinear systems according to LMI approach [17] . In addition, there are also other results for descriptor nonlinear systems (see [18] - [22] and other relative references).
Based on the analysis of the above approaches for descriptor nonlinear systems, we can clearly see the following obvious flaws. Firstly, when designing control law, the computation is rather complicated and difficult, it also involves multiple derivatives of control signals or other parameters. Secondly, the closed-loop system resulted from the above techniques is generally a nonlinear one which can be proven to be stable by Lyapunov functions, but we are not familiar with its dynamic performance. Thirdly, because of its own limitations, the above methods are inflexible and without degrees of freedom in the design process. Note that the main work of this study is that we present a parametric control technique based on eigenstructure assignment to ameliorate these deficiencies effectively.
Actually, many practical nonlinear dynamical systems are quasi-linear, such as attitude control of combined spacecrafts [23] , spacecraft rendezvous problem [24] and chaos synchronization problem [25] , etc.. A typical quasi-linear case is the model of three-link planar manipulator in [26] as follows
when leading into a constraint as ψ θ (θ) = 0, the manipulator system can be regarded as
which is a descriptor quasi-linear one.
In this paper, we consider a parametric control approach by output feedback to a type of descriptor quasi-linear systems. This presented technique is based on the solution to a class of generalized Sylvester matrix equation [27] , [28] , and aims for transforming the closed-loop system into a linear timeinvariant standard one by using a group of canonical matrix pair. Specifically, this method implements a linear timeinvariant closed-loop system with expected eigenstructure depended on an arbitrarily constant matrix F which includes desired eigenvalues, and provides the generally complete parametrization of left and right eigenvector matrices and a group of arbitrary parameters, it also establishes the completely explicit expression of output feedback controller in relation to the matrix F and arbitrary parameters. Further, we also present an effective technique to convert the closedloop system into a standard one, which is benefit to analyze the stability and dynamical performances of the closed-loop system. Additionally, the arbitrary parameters can be used to provide flexibility and degrees of freedom when designing controllers.
Compared with the above methods for descriptor nonlinear systems, the proposed parametric approach possesses the following advantages. Firstly, the parametric method simplifies computational complexity and reduces the difficulties when achieving controller. Secondly, the closed-loop system resulted in by the parametric method is a linear time-invariant one, the stability and dynamical performance are decided by its closed-loop eigenvalues and eigenvectors. Thirdly, the closed-loop system can be transformed into a standard one by using a group of canonical matrix pair, which contributes to analyzing the stability and dynamical performance of the closed-loop system. Fourth, by utilizing the degrees of freedom in arbitrary parameters, the parametric method can provide flexibility to design controller such that it can easily optimize the system performances.
The remainder of this paper is organized as follows. The problem on output feedback to a type of descriptor quasilinear systems is formulated, some assumptions and lemmas are also given in Section 2. In Section 3, we propose the parametrized form of the output feedback controller to descriptor quasi-linear systems for two cases, meanwhile, convert the closed-loop system into a standard one and provide the general expression of the response of the closedloop system, we also give the general procedure to design the output feedback controller based on eigenstructure assignment. In Section 4, three examples are presented to illustrate that the proposed approach is effective. Section 5 draws the conclusions of the presented work.
Notation: We present some notations which will be used throughout this paper. ESAODQ denotes that we utilize eigenstructure assignment to design output feedback for a type of descriptor quasi-linear systems. R, C represent the set of real number and complex number, C − denotes the set of negative complex number. * (θ, x, s) represents a polynomial in relation to variable s and is also piecewise continuous functions of x and θ , deg( * (θ, x, s)) denotes the degree of polynomial * (θ, x, s) with respect to variable s, det( * ) represents the determinant of matrix * , adj( * ) indicates the adjoint matrix of matrix * , ω 1 and ω 2 denote the highest degree of n ij (θ, x, s) and d ij (θ, x, s), ω represents the maximum between ω 1 and ω 2 . The symbol diag λ 1 , λ 2 , · · · , λ n 0 denotes the diagonal matrix with diagonal entries λ 1 , λ 2 , · · · , λ n 0 .
II. PROBLEM FORMULATION AND PRELIMINARIES
In this paper, we investigate a type of descriptor quasi-linear system as follows
where x ∈ R n , u ∈ R r and y ∈ R m are the state vector, the control input and the measured output, E(θ, x), A(θ, x) ∈ R n×n , B(θ, x) ∈ R n×r and C(θ, x) ∈ R m×n are the coefficient matrices of system (1), which are piecewise continuous functions of x and θ , where θ is a time-variant parameter vector satisfying
where is a compact set. Note that descriptor quasi-linear system (1) satisfies the following Assumptions.
Assumption 1: rank E(θ, x) = n 0 , 0 < n 0 < n. Assumption 2: B(θ, x) and C(θ, x) are uniformly bounded relating to x and θ (t) ∈ .
Assumption 3:
For the above descriptor quasi-linear system (1), choose the following output feedback control law
39912 VOLUME 7, 2019 where K (θ, x) ∈ R r×m is the output feedback gain matrix to be designed, v is the external input. Under the above controller (2), the closed-loop system can be realized as
with
The paper investigates the parametric design approach by output feedback control in Equation (2) to a type of descriptor quasi-linear systems (1), it makes the closed-loop matrix pair (E(θ, x), A c (θ, x)) have a linear time-invariant system with expected eigenstructure, which is equivalent to let (E(θ, x), A c (θ, x)) be similar to an arbitrarily constant matrix F ∈ C n 0 ×n 0 .
A. THE CLOSED-LOOP EIGENVECTOR MATRICES
Define T c (θ, x) and V c (θ, x) ∈ C n×n as the left and right closed-loop eigenvector matrices. There exists the following Lemmas for the closed-loop eigenvector matrices.
Lemma 1: There exists the following left eigenvector matrix for the closed-loop matrix pair
satisfying
Lemma 2: There exists the following right eigenvector matrix for the closed-loop matrix pair
{T (θ, x), V (θ, x)} is called a group of canonical matrix pair, through the canonical matrix pair, the closed-loop system can be transformed into a standard one.
Remark 1: Actually, F is decided by the finite eigenvalues
Denote the algebraic and geometric multiplicity of λ i by a i and q i , i = 1, 2, · · · , n 0 , there are q i number Jordan blocks associated with λ i . Denote the orders of the q i number Jordan blocks in relation to λ i by p ij , j = 1, 2, · · · , q i . Then, the following relations hold
Denote the left and right vector with respect to λ i by t k
hence, the above equations can be written in the following matrix form as
Additionally, λ ∞ denotes the infinite eigenvalues, the algebraic and geometric multiplicity of λ ∞ are both n−n 0 , denote the left and right independent eigenvectors associated with λ ∞ by t ∞j and v ∞j , j = 1, 2, · · · , n − n 0 , which are defined by the following equations
the above equation can be equivalent to
B. PROBLEM STATEMENT
Based on the above discussion, the parametric control to a type of descriptor quasi-linear systems by output feedback control law (2) can be stated as follows.
Problem 1 (ESAODQ):
Given the descriptor quasi-linear systems (1) satisfying Assumptions 1-3, and an arbitrarily constant matrix F, exist the non-singular left and right eigenvector matrices T c (θ, x) and V c (θ, x), and obtain the output feedback gain matrix
and
Specifically, Problem 1 can be divided into two sub-problems.
Problem 2 (ESAODQ-I):
Given the descriptor quasilinear systems (1) satisfying Assumptions 1-3, and an arbitrarily constant matrix F, solve the left and right eigenvector matrices T c (θ, x) and V c (θ, x) satisfying Equations (4)- (7), meanwhile, obtain the output feedback gain matrix K (θ, x).
Problem 3 (ESAODQ-II):
When having solved the Problem 2, the closed-loop system can be obtained, then, solve the standard closed-loop form by using a group of canonical matrix pair {T (θ, x), V (θ, x)} to satisfy Equations (8) and (9).
C. PRELIMINARY RESULTS
For the descriptor quasi-linear system (1), a group of timevarying right coprime factorization (RCF) is given as
where
are a pair of polynomial matrices. Denote N (θ, x, s) = 
III. SOLUTION TO PROBLEM ESAODQ
which is defined in Equation (6). 2. When satisfying the above condition, the output feedback gain matrix K (θ, x) can be obtained as
and W c∞ (θ, x) is also an arbitrary parameter matrix which satisfies the following Constraint. Constraint 1: det( ) = 0, where
3. When the above conditions are satisfied, T (θ, x) and T ∞ (θ, x) can be obtained as
then, T c (θ, x) in Equation (4) can be obtained satisfying the following Constraint.
Proof: First of all, combining Equations (6)- (9), we obtain the generalized Sylvester matrix equation
Therefore, using the general solution to the generalized Sylvester matrix equation [27] , [28] , the parametrized solutions are given in Equations (12) and (14) . Then, according to Equation (18), leading into the following auxiliary equation
combining Equations (18) and (19), we obtain
then, the output feedback gain K (θ, x) can be obtained as
based on Equations (6) and (20), the Equation (21) can be written as Equation (13) . Finally, according to Equations (6) and (8), we have
according to Equation (9), combining Equations (5) and (7), we possess
based on Equations (22) and (23), we obtain
thus, Equation (24) can be written as
With the above deduction, the proof of Theorem 1 is completed.
2) CASE OF F DIAGONAL
In practical systems, F is usually chosen to be a diagonal one as follows
where λ i ∈ C − , i = 1, 2, · · · , n 0 are a set of self-conjugate complex poles. In this situation, the generally parametrized solutions to the generalized Sylvester matrix equation (17) can be provided as
where z c i ∈ R r , i = 1, 2, · · · , n 0 is a group of parameter vectors representing the degrees of freedom in solutions. Then, we possess the following Theorem to deal with the Problem 2 (ESAODQ-I).
Theorem 2: Let N (θ, x, s) and D(θ, x, s) be a pair of polynomial matrices satisfying RCF (10), then, 1. Problem 2 has a solution if and only if existing a group of parameter vectors z c i ∈ R r , i = 1, 2, · · · , n 0 , which satisfies Equation (11), where V (θ, x) in Equation (12) is replaced by Equation (26).
2. When satisfying the above condition, the output feedback gain matrix K (θ, x) can be obtained in Equation (13) , where W c (θ, x) in Equation (14) is replaced by Equation (27) , meanwhile, W c∞ (θ, x) also satisfies Constraint 1.
3. When all the above conditions are satisfied, T (θ, x) and T ∞ (θ, x) can be given in Equation (16) satisfying Constraint 2.
Proof: Based on Theorem 1, when the matrix F is a diagonal one as Equation (25), the matrices V (θ, x) and W c (θ, x) can be provided in Equations (26) and (27) , meanwhile, the parameter matrices V ∞ (θ, x) and W c∞ (θ, x) satisfy Constraints 1 and 2. Then, the Theorem 2 can be proven easily.
B. SOLUTION TO PROBLEM ESAODQ-II 1) STANDARD FORM OF CLOSED-LOOP SYSTEM
Based on the results in Theorems 1 and 2, a generally parametrized solution K (θ, x) is provided in Equation (13) to compose a closed-loop system in Equation (3) . In this subsection, we propose the following Theorem to transform closed-loop system (3) into a standard form, that is, to solve the Problem 3 (ESAODQ-II).
Theorem 3: Given the output feedback gain K (θ, x) in Equation (13) and closed-loop eigenvector matrices T c (θ, x) and V c (θ, x) in Equations (12) and (16), there exists the following transformation
then, the closed-loop system (3) can be equivalently transformed into the following standard form
wherex D andx N indicate the dynamic part and the nondynamic part ofx, thus, system (29) can be decomposed into dynamic subsysteṁ
and non-dynamic subsystem
Proof: Under Constraint 2, T c (θ, x) is non-singular, for system (3), we possess
combining Equation (30), Equation (33) can be written as
, consider Equation (5) 
With the above deduction, the proof of Theorem 3 is completed.
Remark 2: The standard form possesses two important advantages as follows. Firstly, through the standard form, we can clearly know that the closed-loop system is composed of n 0 order dynamic part and n − n 0 order non-dynamic part. Secondly, the coefficient matrices of standard form are depended on constant matrix F and the left and right closedloop eigenvector matrices, which can be used to implement some expected performance of systems, such as pole assignment [29] , track control [30] and other applications [31] , [32] .
2) RESPONSE OF CLOSED-LOOP SYSTEM
Under the standard form in Theorem 3, we provide the following Theorem to obtain the response of closed-loop system (3) and (29) .
Theorem 4: When satisfying the conditions in Theorem 3, the response of closed-loop system (3) or (29) can be obtained as
Proof: Due to (32), the Equation (35) is proven. According to Equation (31)
by Equation (34), we possess
and V c (θ, x) is non-singular, thereby,
thus, the Equation (36) is proven. With the above deduction, the proof of Theorem 4 is completed.
Remark 3: In control law (2), v is the external input which can be ignored. Let v = 0, Equation (35) can be written as
which can be benefit to analyze the dynamic performance and stability of closed-loop systems easily.
C. BASIC PROCEDURE
Based on the results in Theorems 1-4, we present a basic procedure to deal with the parametrized expression of output feedback control to a type of descriptor quasi-linear systems.
Step 1: Design an arbitrarily constant matrix F with expected eigenstructure.
Generally speaking, we choose the arbitrarily constant matrix F in a diagonal form. Based on the pole assignment theories [33] - [35] , F is required to be a Hurwitz matrix, which means that all eigenvalues are located in the left-half s-plane
which satisfies Equation (25).
Step 2: Obtain a pair of RCF {N (θ, x, s), D(θ, x, s)}. From RCF (10), a pair of solutions can be provided as
Step 3: Compute the output feedback gain matrix K (θ, x). Based on the matrices V (θ, x), W c (θ, x) and V ∞ (θ, x), W c∞ (θ, x) given in Equations (12), (14) and (26), (27), we can obtain the output feedback gain matrix K (θ, x) in Equation (13) .
Step 4: Convert the closed-loop system into a standard form.
According to Equations (12) and (16), V (θ, x) and T (θ, x) are obtained, by using the canonical matrix pair {T (θ, x), V (θ, x)}, the closed-loop system (3) can be converted into a standard form.
Step 5: Obtain the response of the closed-loop system.
Based on Equations (35) and (36), the general expression of the response of closed-loop system is obtained, which contributes to the analysis of closed-loop system.
IV. EXAMPLES A. NUMERICAL EXAMPLE
Consider a descriptor quasi-linear system in the form of Equation (1) as follows
− 1, θ 2 = 0.1t 2 and θ 3 is a parameter to be determined. Based on control law (2), let
Based on RCF (10), there exists a group of solutions satisfying system (38) as
Based on Equations (5) and (7), T ∞ (θ, x) and V ∞ (θ, x) can be obtained as
according to Equations (12) and (14), we possess
further, based on Constraint 1, choose W c∞ (θ, x) as
based on Equation (13), the output feedback gain matrix K (θ, x) can be obtained as
then, according to Equation (16), we can get T T (θ, x) as
under the controller (39), the closed-loop system can be obtained as let v = 0, based on Theorem 3, we can get the standard form as followsẋ
and θ 3 = −2.5.
Choose the initial value as
based on Theorem 4, we obtain
considering Equation (28), we possess
then, based on Equation (37), we obtain
meanwhile, we possess the following Figures 1-4 . From Figures 1 and 2 , we can clearly see that the states variables are stable and their steady-state errors tend to zero, which means that the parametric method is effective.
Remark 4: B(θ, x) and C(θ, x) are not full-rank, which leads to the fact that the freedom degrees of parameters provided to control law are reduced, thus, there exists some constraints on θ 1 , θ 2 and θ 3 such that it is an inevitable drawback. 
B. DESCRIPTOR NONLINEAR CIRCUIT SYSTEM
Consider a descriptor nonlinear circuit system in [36] , the circuit diagram is shown in Figure 5 , and its mathematical model is as follows
2 , R 3 = 0.5 , |U s |≤ 3V and |I s |≤ 2A. Denote x = q 1 q 2 T , τ = sat(U s ) sat(I s ) T , then, the system (42) can be written as
Based on control law (2), let
Based on RCF (10), there exists a group of solutions satisfying system (43) as
, based on Equation (13), the output feedback gain matrix K (θ, x) can be obtained as
under the controller (44), the closed-loop system can be obtained as
let v = 0, based on Theorem 3, we can get the standard form as followsẋ
based on Theorem 4, we obtain then based on Equation (37), we obtain
meanwhile, we possess the following Figures 6-8 . From Figures 6 and 7 , we can clearly see that the state variables are stable and their steady-state errors tend to zero, which verifies that the parametric method is effective.
C. NONLINEAR FEEDBACK SYNCHRONIZATION PROBLEM ON GENESIO-TESI AND COULLET CHAOTIC SYSTEMS
Consider Genesio-Tesi system as ...
and Coullet system as ...
.45 < 0, these two systems are chaotic under the above condition (see [37] ). Let error e be e = x − y, the synchronization problem can be equivalent as
where z = y e T , and
meanwhile, θ 1 = 1 − y and θ 2 = e − 0.45 + 2y are timevarying parameters. Let
then, the above system (49) can be converted into the following first-order form as
Based on RCF (10), there exists a group of solutions satisfying system (50) as
Based on Equations (5) and (7), T ∞ (θ, q) and V ∞ (θ, q) can be obtained as according to Equations (12) and (14), we have
and W c (θ, q), as shown at the top of the next page, further, based on Constraint 1, choose W c∞ (θ, q) as
based on Equation (13), the output feedback gain matrix K (θ, q) can be obtained as
then, according to Equation (16), we get T T (θ, q) as T T (θ, q), as shown at the top of the next page, under the controller (51), the closed-loop system can be obtained as Figure 10 , we can clearly see that error e,ė andë tend to zero, that is, systems (47) and (48) are synchronized, which illustrates that the parametric method is effective.
V. CONCLUSIONS
In this paper, a parametrized technique is presented to design output feedback controller to a type of descriptor quasi-linear systems. The proposed parametric approach gives the generally parametrized expression of output feedback controller depended on a constant matrix F which includes desired eigenvalues, and also provides the completely parametric forms of left and right eigenvector matrices. A significant result of the parametric method is that the closed-loop system can be transformed into a linear time-invariant one by using a group of canonical matrix pair. Meanwhile, a group of arbitrary parameters can be obtained, which can be exploited to provide flexibility and degrees of freedom when designing controllers. Additionally, we also get the standard form and the response of closed-loop system decided by arbitrary parameters Z c and the constant matrix F. By choosing Z c and F, we can realize some desired performances, such as pole assignment, track control, linear quadratic control, and so on.
In the future, we will investigate a general optimization approach to choose parameters Z c and the constant matrix F such that we can implement some extra control requirements in practical applications.
